Abstract. We give an improvement of some inequalities similar to Hilbert's inequality involving series of nonnegative terms. The integral analogies of the main results are also given.
Introduction.
It is well known that the following Hilbert's double series inequality (see [3, page 226] ) plays an important role in many branches of mathematics. 
3)
unless f ≡ 0 or g ≡ 0.
These two theorems were studied extensively and numerous variants, generalizations, and extensions appeared in the literature, see [1, 2, 3, 5, 6, 9] and the references therein.
Recently, Pachpatte [9] gave new inequalities similar to Hilbert's inequalities given in the above theorems, involving a series of nonnegative terms as follows. unless {a m } or {b n } is null, where
An integral analogue of Theorem 1.3 is given in the following theorem.
, where x, y are positive real numbers and define
where
In this paper, we give an improvement of the inequalities given in Theorems 1.3 and 1.4 similar to Hilbert's double series inequality and its integral analogue, involving a series of nonnegative terms. In addition, we obtain some new Hilbert type inequalities. These inequalities improve the results obtained by Pachpatte [9] .
Main results.
Our main results are given in the following theorems. 
unless {a m } or {b n } is null, where
Proof. By using the following inequality (see [1, 7] Dividing both sides of (2.6) by (m α + n α ) 1/α , and then taking the sum over n from 1 to r first and then the sum over m from 1 to k and using the Schwarz inequality and then interchanging the order of the summations (see [7, 8] ) we observe that
This completes the proof. 
Our next result deals with further generalization of the inequality obtained in Remark 2.2. 
Proof. From the hypotheses of φ and ψ and by using Jensen's inequality and the Schwarz inequality (see [5] and similarly,
From (2.11) and (2.12) and using the elementary inequality 
The proof is complete.
Remark 2.4. By applying the elementary inequality (see [4] ) 
, which we believe are new to the literature.
The following theorems deal with slight variants of (2.9) given in Theorem 2.3. 
2).
Proof. From the hypotheses and by using Jensen's inequality and the Schwarz inequality, it is easy to observe that
The rest of the proof can be completed by following the same steps as in the proofs of Theorems 2.1 and 2.3 with suitable changes and hence we omit the details. Proof. From the hypotheses and by using Jensen's inequality and the Schwarz inequality, it is easy to observe that
The rest of the proof can be completed by following the same steps as in the proofs of Theorems 2.1 and 2.3 with suitable changes and hence we omit the details.
Integral analogues.
In this section, we present the integral analogues of the inequalities given in Theorems 2.1, 2.3, 2.5, and 2.6, which in fact are motivated by the integral analogue of Hilbert's inequality given in Theorem 1.2.
An integral analogue of Theorem 2.1 is given in the following theorem.
, and
Proof. From the hypotheses of F(s) and G(t), it is easy to observe that
From (3.3) and using the Schwarz inequality and the elementary inequality
(for a i , i = 1, 2,...,n, nonnegative real numbers) we observe that
Dividing both sides of the above inequality by (s α + t α ) 1/α , and then integrating over t from 0 to y first and then integrating the resulting inequality over s from 0 to x and using the Schwarz inequality we observe that 6) where
. This completes the proof.
Remark 3.2. In the special case when p = q = 1, inequality (3.1) in Theorem 3.1 reduces to the following inequality:
where D(1, 1,x,y; α) is obtained by taking p = q = 1 in (3.2).
The integral analogues of the inequalities in Theorems 2.3, 2.5, and 2.6 are established in the following theorems. 
Proof. From the hypotheses and by using Jensen's inequality and the Schwarz inequality, it is easy to observe that 10) and similarly,
From (3.10) and (3.11) and using the elementary inequality
The rest of the proof can be completed by following the same steps as in the proof of Theorem 3.1 and closely looking at the proof of Theorem 2.3, and hence we omit the details. The proofs of Theorems 3.4 and 3.5 can be completed by following the proof of Theorem 3.3 and by closely looking at the proofs of Theorems 2.5 and 2.6 and by making use of the integral versions of Jensen's and the Schwarz inequalities. Here, we omit the details.
